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F(f + g)(s) = Ff(s) + Fg(s)
F(αf)(s) = αFf(s)
where α ∈ R.
2. The shift theorem
Ffb(s) = e2pi isbFf(s)
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3. The stretch theorem We want to know if we scale t to at what
happens to the Fourier transform of af(t) := f(at).
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If a < 0 the limits of integration are reversed when we make the









If a < 0 the limits of integration are reversed when we make the







Since −a is positive when a is negative, we can combine the two cases
and present the Stretch Theorem as:






If a < 0 the limits of integration are reversed when we make the







Since −a is positive when a is negative, we can combine the two cases
and present the Stretch Theorem as:
































4. Combining shifts and stretches We can combine the shift
theorem and the stretch theorem to find the Fourier transform of











Derivative theorem If f ∈ L1(R) is a differentiable function, then
Ff ′(s) = 2pi isFf(s)
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and integrate by parts.
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Derivative theorem If f ∈ L1(R) is a differentiable function, then
Ff ′(s) = 2pi isFf(s)





and integrate by parts.
Formulæ for higher derivatives also hold, and the result is:
Ff (n)(s) = (2pi is)nFf(s)
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Convolution The convolution of two functions g(t) and f(t) is the
function
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Observe that (g ? f)(t) = (f ? g)(t).
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Convolution The convolution of two functions g(t) and f(t) is the
function




Observe that (g ? f)(t) = (f ? g)(t).
Theorem
F(g ? f)(s) = Fg(s)Ff(s)
Another interesting property is:
F(gf)(s) = (Fg ? Ff) (s)
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putting t− x = u =⇒ dt = du
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A partial differential equation (PDE) is a relation that involves partial
derivatives of an unknown function. Let the unknown function be
u, and x, y, z, . . . be independent variables, i.e., u = u(x, y, z, . . .).
Often, one of these variables represents the time.




A partial differential equation (PDE) is a relation that involves partial
derivatives of an unknown function. Let the unknown function be
u, and x, y, z, . . . be independent variables, i.e., u = u(x, y, z, . . .).
Often, one of these variables represents the time.
F (x, y, z, u, ux, uy, uz, uxx, uxy, · · · , uxxx, · · · ) = 0. (pde)







, · · ·
We will always assume that the unknown function u is sufficiently
well behaved so that all necessary partial derivatives exist and corre-
sponding mixed partial derivatives are equal
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As in the case of ordinary differential equations, we define the order
of (pde) to be the highest order partial derivative appearing in the
equation. Furthermore, we say that (pde) is linear if F is linear as
a function of the variables u, ux, uy, uz, uxx, · · · , i.e., F is a linear
combination of the unknown function and its derivatives.
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As in the case of ordinary differential equations, we define the order
of (pde) to be the highest order partial derivative appearing in the
equation. Furthermore, we say that (pde) is linear if F is linear as
a function of the variables u, ux, uy, uz, uxx, · · · , i.e., F is a linear
combination of the unknown function and its derivatives.
The following are examples of partial DEs:
ux + uy = 3uz − 2x2 − 5z first order linear
uxx + uy = x
2 second order linear
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By a solution of (pde) we mean a continuous function u = u(x, y, z, · · · ),
with continuous partial derivatives, which, when substituted in (pde),
reduces equation (pde) to an identity.
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By a solution of (pde) we mean a continuous function u = u(x, y, z, · · · ),
with continuous partial derivatives, which, when substituted in (pde),
reduces equation (pde) to an identity.
Example For the first-order partial DE for the unknown u = u(x, y)
ux + uy = 0
it is possible to show that u = φ(x−y) where φ is any function having
continuous first-order partial derivatives is a solution. Indeed, since
ux = φ
′(x− y) and uy = −φ′(x− y)
it immediately follows that ux + uy = φ
′(x− y)− φ′(x− y) = 0
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Classification of second order linear pde’s Now we shall discuss
the most crucial classification of second-order linear partial DEs in
two independent variables for the unknown u = u(x, y)
L[u] := A(x, y)uxx +B(x, y)uxy + C(x, y)uyy
+D(x, y)ux + E(x, y)uy + F (x, y)u = G(x, y)
(2pde)
where the functions A(x, t), · · · , G(x, t) are continuous in some open
set Ω ⊆ R2
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Following the analogy of the quadratic equation
ax2 + bxy + cy2 + dx+ ey + f = 0
that represents a hyperbola, parabola, or ellipse according as b2− 4ac
is positive, zero, or negative, the operator L (and so (2pde)) is said to
be hyperbolic, parabolic, or elliptic at a point (x0, y0) ∈ Ω according
as
B2(x0, y0)− 4A(x0, y0)C(x0, y0)
is positive, zero, or negative. It is said to be hyperbolic, parabolic, or










is hyperbolic in any domain since A = −c2, B = 0, C = 1 so that
B2 − 4AC = 4c2 > 0
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, a > 0 (H)
is parabolic in any domain being A = −a, B = 0, C = 0 so that
B2 − 4AC = 0
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The heat equation Besides this equation arises in Mathematical
Physics it is of interest in Mathematical Finance also. We deal with
the partial differential equationut(x, t) = uxx(x, t) for t > 0, x ∈ R




The heat equation Besides this equation arises in Mathematical
Physics it is of interest in Mathematical Finance also. We deal with
the partial differential equationut(x, t) = uxx(x, t) for t > 0, x ∈ R
u(x, 0) = f(x) for t = 0, x ∈ R
(H)
we assume u and ux finite as |x| → ∞, t > 0 and both f(x) and
u(x, t) are defined for −∞ < x < +∞.
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The heat equation Besides this equation arises in Mathematical
Physics it is of interest in Mathematical Finance also. We deal with
the partial differential equationut(x, t) = uxx(x, t) for t > 0, x ∈ R
u(x, 0) = f(x) for t = 0, x ∈ R
(H)
we assume u and ux finite as |x| → ∞, t > 0 and both f(x) and
u(x, t) are defined for −∞ < x < +∞.
Knowing the Fourier transform of the Gaussian is essential for the
treatment we are about to give. The idea is to take the Fourier trans-
form of both sides of the heat equation, “with respect to x” thinking
t as a “parameter”
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or, introducing the heat kernel








H(x− y, t) f(y)dy
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The Fourier transform of the right hand side of the equation (H),
uxx(x, t), is
Fuxx(s, t) = (2pi is)2Fu(s, t) = −4pi2s2Fu(s, t)
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The Fourier transform of the right hand side of the equation (H),
uxx(x, t), is
Fuxx(s, t) = (2pi is)2Fu(s, t) = −4pi2s2Fu(s, t)
For the left hand side, ut(x, t), we do something different. We have
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Thus taking the Fourier transform (with respect to x) of both sides
of the equation ut(x, t) = uxx(x, t) leads to
∂
∂t
Fu(s, t) = −4pi2s2Fu(s, t)
